Solution Outlines for Chapter 8

# 1: Prove that the external direct product of any finite number of groups is a
group.

Proof. Let G = G; & Gy & --- & G, where each G; is a group, and let the operation x
on G be defined component wise (as in the definition of external direct product). Since
each operation in G; is associative, * is associative on G. [This is clear since a * (b* ¢) =

a* (byxcp,by*coy ... by xcy) = (ag % (by % c1),a9 % (by*xca),...,an % (by*cy)) = ((a1 %) *
c1, (agxbo) * oy ... (anxby)*cp) = (a1 xby,agxbo, ... a,%b,)*xc = (a*xb)xc] Similarly, we
can see that G is closed since a * b = (ay * by, ag * b, ..., a, *b,) and a;b; € G; by closure of
G;. The previous calculation also verifies that the identity in G is e = (e, eq, ..., €,) where
e; is the identity in G; and that the inverse of a is a™! = (a;',a3",...,a;"). Since each G;
is a group, both e and a™! is in G. O]

# 2: Show that Z, ® Z; & Z, has seven subgroups of order 2.

First notice that any subgroup of order two must be isomorphic to Zs; and hence cyclic
with an order two generator. Moreover, each subgroup of order two contains one non-identity
order two element. Thus the seven subgroups are generated by the seven non-identity order
two elements in Zy @ Zs @ Zo. Namely, these groups are:
< (1,0,0) >, < (0,1,0) >, < (0,0,1) >, < (1,1,0) >, < (1,0,1) >, < (0,1,1) >, and
<(1,1,1) >.

# 3: Let G be a group with identity e; and let H be a group with identity
ey. Prove that G is isomorphic to G @ {ey} and that H is isomorphic to
{6@} EB H

Proof. Define ¢ : G — G @ {ey} by g — (g,en). Since ¢(gh) = (gh,en) = (gh,epen) =
(g,em)(h,en) = ¢(g)o(h), the map ¢ is a homomorphism. The kernel of ¢ is simply {g|¢(g) =
(ea,en)} = {9l|(g,en) = (eg,en)} = {9lg = ec} = {eg} so ¢ is one-to-one. Finally, let
y€ Gd{ey}. Then y = (g,ey) for some g € G by definition of the external direct product.
Hence ¢(g) = y and the map is also onto. Since ¢ is an isomorphism, G ~ G @ {eg}. Using
a similar argument, it is clear that H ~ {eq} & H. O

# 4: Show that G @ H is Abelian if and only if G and H are Abelian. State the
general case.

Let G @& H be Abelian. Then zy = yx for all x,y € G @& H. By definition of external
direct product, x = (g1, h1) and y = (ga, h2) for g1,92 € G and hy, he € H. Thus zy = yx
implies (g192, h1ha) = (9291, hah1). Hence, g1go = ¢g291 and hihy = hohy. Since z,y are
arbitrary, all elements of G commute as do all elements in H, and both groups are Abelian.
This argument reverse entirely to show that G and H Abelian implies G & H is Abelian.

In general, the external direct product of a finite number of groups is Abelian if and only
if each group in the product is Abelian.



# 6: Prove, by comparing orders of elements, that Zg @ Z, is not isomorphic to
Zy D Zy.
Notice that Zg @ Zy has an element of order 8, namely (1, 1), but Z, & Z4 can not have
an element of order 4 since the orders in Z4 are 1, 2, and 4. (There is no way to get a least
common multiple of 8 from 1, 2, and 4.)

# T7: Prove that G; ® GG is isomorphic to Gy @ GG;. State the general case.

Proof. Define ¢ : G; & Go — G5 @ Gy by (91,92) — (g2,91). We claim that ¢ is an
isomorphism. By construction it is clear that ¢ maps from G; & G2 to Gy & G;. Now
o((g1,92)(h1, h2)) = ¢((g192, hih2)) = (hiha, g1g2) = (h1,91)(h2, g2) = ¢(g1, h1)P(g2, ha) so
¢ is indeed a homomorphism. If we let ¢((g1,92)) = ¢((h1,ha)) then (g2, g1) = (hg, hy) so
g2 = hy and g; = hy. Thus (¢1,¢92) = (h1, ho) and we know ¢ is one to one. Finally we
show ¢ is onto. Let (g2,91) € G2 ® G1. Then we know that (g1, ¢g2) € G1 @ G5. Moreover,
?((g1,92)) = (92, 91) and ¢ is indeed onto. O

In general, Gy &Gy @ --- B G, = Gg(l) D Gg(g) DD Gg(n) for o € S,,.
# 10: How many elements of order 9 does Z; & Zg have?

We know that (a,b) has order 9 if lem(|al, |b]) = 9. Thus |b| must be 9 and |a| can be
1 or 3. Everything in Z3 has order 1 or 3, so a can be any element in Z3. In Zg, there are
#(9) = 32—3 = 6 elements of order 9. Thus there are 3*6 = 18 elements of order 9 in Z3 & Z.

# 13: For each integer n > 1, give two examples of two non isomorphic groups of
order n?.

Z,2 and Z, @ Z, (Note: we know these are different since n is not relatively prime to n.)

# 14: The dihedral group D, of order 2n (n > 3) has a subgroup of n rotations

and a subgroup of order 2. Explain why D, cannot be isomorphic to the

external direct product of two such groups.

Suppose D,, is the external direct product of two such groups. Then D, ~<1r > ®Zy ~
T D Zy. But, Z, @ Zs is Abelian and D,, is not. Thus D,, can not be the external direct
product of two such groups. (Note: It is actually the semi direct product of two such groups.)

# 15: Prove that the group of complex numbers under addition is isomorphic to
R D R.

Proof. Define ¢ : (C,+) - R®R by a+ bi — (a,b). The calculation ¢((a+ bi)+ (c+di)) =
d((a+c)+ (b+d)i) = (a+c,b+d) = (a,b) + (c,d) = ¢p(a+ bi) + ¢(c + di) shows that ¢ is
indeed a homomorphism. Suppose that ¢(a + bi) = ¢(c + di). Then (a,b) = (¢,d) so a = ¢
and b = d. Hence, a + bi = ¢ + di showing one-to-one. For onto, let (a,b) be any element of
R @ R. Then it is clear that a 4+ bi € C and ¢(a + bi) = (a,b) as desired. O

# 19: If r is a divisor of m and s is a divisor of n, find a subgroup of 7Z,, ¢ Z, that
is isomorphic to Z, & Z,.



<T>BE<E>
# 20: Find a subgroup of Z, & Z;g3 that is isomorphic to Zg ® Z,.

First notice that Zg & Z4 is isomorphic to Zy & Zg. This second presentation is, by the
previous problem, isomorphic to < 3 > @ < 2 >.

# 23: What is the order of any nonidentity element of Z3; ® Z3 ® Z3?7 Generalize.

Let e # (a,b,c) € Z3 ® Z3 @ Z3. Since (a, b, c) is not the identity, at least one of a, b,
or ¢ is not the identity. Every non-identity element in Z3 has order 3 and so each of these
non-identity elements has order 3. Hence lem(|al, [b],|c|) = 3 and the order of the element
is 3.

In general, the order of any element in Z, ® Z, ® - - - Z,, where p is prime, is p.

# 26: The group S;& Z, is isomorphic to one of the following groups: Zis, Zs b Z2,
Ay, Dg. Determine which one by elimination.

Since S3 @ Zy is not Abelian (since S5 is not), S3 @ Zy is not isomorphic to Z5 or Zg & Zs.
Now, A, is the set of even permutation of Sy and contains elements of order 1, 2, and 3, as
seen on page 111 of the text. But S3 @ Zy contains the element ((123),1) which has order
lem(3,2) = 6. Thus the group is not A4, and S3 @ Z3 is actually isomorphic to Ds.

# 30: Find all subgroups of order 4 in 7, & Z,4.

Recall that there are two groups of order 4, Zs and Zs @ Zy. The subgroups isomor-
phic to Z, are the cyclic ones generated by (a,b) where lem(|al,|b]) = 4. These are:
< (1,0) >=< (3,0) >, < (1,1) >=<(3,3) >, < (1,2) >=< (3,2) >, < (1,3) >=< (3,1) >

< (0,1) >=<(0,3),< (2,1) >=< (2,3) >. The other subgroups are isomorphic to Zs @ Zy
and are, by our previous theorem, < 2 > & < 2 >= {(0,0),(0,2), (2,0),(2,2)}.

# 36: Find a subgroup of Z; & Z4 ® Z;; that has order 9.

<4>a{0}o <5 >={(0,0,0),(4,0,0),(8,0,0), (0,0,5),(0,0,10), (4,0,5), (4,0,10), (8,0,5), (8,0, 10) }
Note: This is not the same as < (4,0,5) >= {(4,0,5),(8,0,10), (0,0,0)}.

1 a b
# 38: Let H = 010 ’a b€ Z3 p. Show that H is an Abelian group of order
0 01
9. Is H isomorphic to Zy or to Z3 ® 737
1 a b 1 ¢ d 1 a+c b+d
First we show that H is an abelian group. Since | 0 1 0 01 0]l=10 1 0 |,
0 0 1 0 0 1 0 0 1

which is of the desired form, we know that H is closed. Associativity is known for matrix mul-



1 —a -0
tiplication and we know that I is the standard identity matrix. Now, A=t= 10 1 0
0o 0 1
1 ¢ d 1 a b 1 a+c d+0
by the previous calculation. Finally we observethat | 0 1 0 01 0=10 1 0
0 0 1 0 01 0 0 1

so H is Abelian since addition in Zs3 is Abelian.

Now, we know that H has order 9 because there are three options for a and three for b
or 3x 3 =9 total possible matrices.

We know H can not be isomorphic tho Zg since it is not cyclic. But we can clearly see

1 a b
that H ~ toZs & Zs using themap [ 0 1 0 | — (a,b).
0 01
# 40: Let (aj,as,...,a,) € G1 ® Gy @ --- ® G,. Give a necessary and sufficient
condition for |(ay, as,...,a,)| = co.
Since the order of (ai,as,...,a,) is just the least common multiple of the component

orders, the necessary and sufficient condition is for |a;| = oo for some 1 <i < n.
# 49: Express Aut(U(25)) in the form z,, ® Z,.

First, notice that U(25) has ¢(25) = 52 = 5 = 20 elements and is cyclic (one generator is
2) so U(25) ~ Zsy. Thus Aut(U(25)) ~ Aut(Za).

Now, Aut(Zy) ~ U(20) from our previous work and U(20) ~ U(4) & U(5). But U(4)
and U(5) are both cyclic and of orders 2 and 4 respectively. Thus, U(4) ® U(5) =~ Zy ® Z4.

# 52: Is Z1g P Z12 B Zg = Zgo B Zs D Zs?

Yes! Z10@Z19DZs R Zs DLy DLzDLyDLyDLs ~ (ZsDLyDL3) D(Z3DLo) DLy = LoD LD Lo,
# 53: Is Z1g D Z1o B Ze = Zys D Zy D Z127?

No! Zig®Z12®Zs ~ Zs DLy DLy DLy DLy DLy but Zis DZs D Z1o R Zs D Ly D Ly D L3 D Zs.

Alternately, Z19®Z12®Z¢ has more than three elements of order 2 [(5,6,3), (0,6,3), (5,6,0),
(5,0,3)] while Z;5 ® Z4 @ Zy2 only has three such elements [(0,0,6), (0,2,0), (0,2,6)].

# 55: How many isomorphisms are there from Z, to 7, @ 73?7
We know that isomorphisms map generators to generators. So the isomorphisms are

completely determined by where 1 maps. The generators of Z, ® Z3 (the elements with order
12) are: (1,1), (3,1), (1,2), and (3,2). Thus there are four isomorphisms.



# 56: Suppose that ¢ is an isomorphism form Z; ® Zs to Z;; and ¢(2,3) = 2. Find
the element in Z; & Z5; that maps to 1.

Let ¢ : Z3 ® Zs — Zj5 be defined by ¢((2,3)) = 2. Then 1 = 8% 2 = 8% ¢((2,3)) =
¢(8 % (2,3)). This last step is the additive version of ¢(a)” = ¢(a™). Now, ¢(8 * (2,3))
#((16,24)) = ¢((1,4)). Thus, (1,4) maps to 1.

# 67: Express U(165) as an external direct product of U-groups in four different
ways.
First note that 165 = 3*5*11. Then U(165) ~ U(3) ® U(55) =~ U(5) @ U(33) =~ U(11) &
U(15)~ U(3) e U(5) & U(11)
# 68: Without doing any calculations in Aut(Zy), determine how many elements
of Aut(Zy) have order 4. How many have order 27

First we notice that Aut(Zy) ~ U(20) ~ U(4) & U(5). Further, both U(4) and U(5) are
cyclic with orders 2 and 4 respectively. So, Aut(Zy) =~ Zy ® Z4. Now, for an element here to
have order 4, the second coordinate must be 1 or 3, and the first can be either 0 or 1. Thus
there are four elements of order 4.



