Real Analysis Qualifying Examination
Spring 2019

The five problems on this exam have equal weighting. To receive full credit give complete justification for all
assertions by either citing known theorems or giving arguments from first principles.

1. Let C([0,1]) denote the space of all continuous real-valued functions on [0, 1].

(a) Prove that C([0,1]) is complete under the uniform norm | f|, := sup |f(z)].
z€0,1]

(b) Prove that C([0,1]) is not complete under the L'-norm || f||; = / |f(z)| dx
0

2. Let B denote the set of all Borel subsets of R and p: B — [0,00) denote a finite Borel measure on R.
(a) Prove that if {F})} is a sequence of Borel sets for which Fy, O Fj; for all k, then
li Fi) = Fi |-
Jim p(Fy) = ps (Dl k)

(b) Suppose p has the property that p(E) = 0 for every E € B with Lebesgue measure m(E) = 0.
Prove that for every € > 0 there exists ¢ > 0 so that if £ € B with m(E) <, then u(E) < ¢

3. Let {fx} be any sequence of functions in L?([0,1]) satisfying || fx|l2 < M for all k € N.
Prove that if fx — f almost everywhere, then f € L%([0,1]) with || f|2 < M and

k;lggo/ Il dx—/f

Hint: Try using Fatou’s Lemma to show that || f|la < M and then try applying Egorov’s Theorem.

4. Let f be a non-negative function on R™ and A = {(z,{) e R" xR : 0 <t < f(x)}.
Prove the validity of the following two statements:

(a) fis a Lebesgue measurable function on R® <= A is a Lebesgue measurable subset of R"*1

(b) If f is a Lebesgue measurable function on R™, then

m(A) = [ f() dx:/oo m({z € R” : f(z) > t}) dt
R" 0

5. (a) Show that L?(]0,1]) € L*([0, 1]) and argue that L?([0, 1]) in fact forms a dense subset of L*(]0, 1]).
(b) Let A be a continuous linear functional on L!([0, 1]).
Prove the Reisz Representation Theorem for L'(]0,1]) by following the steps below:
i. Establish the existence of a function g € L?([0, 1]) which represents A in the sense that

/ f(x)g(x)dz for all f e L*([0,1]).

Hint: You may use, without proof, the Riesz Representation Theorem for L?([0,1]).

ii. Argue that the g obtained above must in fact belong to L*°(]0,1]) and represent A in the
sense that

/ f(x)g(x)dz for all f € L*([0,1])

with
llgll o= 0,11y = 1A L2 (j0,1))--



&\)es L\m i

(a\ L(-“' §>O & %f»\% bc o Q\UCLB Savlnce ;-; C(EON-)B i

’“nib WAZAWS /H««-\f AN such r)LA
nmzN = sop IR YR G < mTrL|

) 5
xe 4 2! mo\c M«n" ﬁ% X

 parkenler, 'grequs e T Sadsperds

| €n(:0)~ Pl € € prvidid mmzN - Gr)
e 3800 5 o Gudyy supence R ad hance comveryes
b 8607 Al Blx) Brencl xe L)

- e

We w;u.s)r show -R\'%E M&W\LBM [0»'3. ;:r'x:n‘s n auo(
lLH‘lv‘\s WA —> &b :«g (%3 a&ax( Wwe aLrL\.vxl /}'LJ-

\C\«(KS" g/ﬂ’)l SST 1SS eve»:n nz N and 602.-1’:) xe[o.uj.
T T T e T S T R P2 TE i

NS & xe[e)

Ry\q”n, M encle L. Clle '3) 2. Q»\-%-Q onT%«thj Y fec 1)
w Ellaos M RSl Saihiiaond B "o \[Talis ’

o F Ogxed r 3 1.
) Lel Qn(x)"%n(»%)msxigf& o Reul) w5
I 8 Fefexs). So $R.7 Cowclu:)\;\ il

.

1\'\“\ 9\45';? wlo/( ’g(x>"%o y e a el Ylo_]:@«}mnaust

\ 1£ ;’_<xs \



Roeshom L

@) T TG Re N R 8 [ehd i Is5 Head
F»zFuny w\nem_ F:/)E(.
= k=
t‘s o A.‘.\-)'ow:'l Ui <>Q &/J Se‘k A

plF)= plF)+ e T2, (/«(5{)—//&,,))

NS> K=

v /4//;\/)

N> b

"2/:/):)"‘/4[/:/_)’
3)*\&/«(0:;)400 = //C(/:)= Jime /M//L/—t/) .

- o0

(5) Suppose nd , ¥n D £,70 sude Mok W e N
D Borcl s} B wih mlE)< T, bk 0 (E)3 8

x 20
hba) LL‘) F: wn rx_ IMLU.A’(. FK: }zk Er\ .
o i ;

"—% M(Fk) < WZ:;M(E,\\< 5}(’2{7‘: {::'

and Vumee Yoot M(F)=O~
%»vew /«((Fx\)} 2o oAl o aud mea, Sw:c&/“

s Gk /Amz Dol yulhe) 7 &,
‘ cimee. Fx2hn ¥k,
1€ yz -0 ,_,g_,l 4L50)uj<}3 gm)m}wus Wt ae),mcL P m .



Quesho 2

i g\\:tcz_ ’?K_% E a.e. ’—‘é \9\‘\7-___;)?]7\ a.e
“‘ %w g\\o‘os &o«w Klz.o's sz\w\-*\ %\«J»

| 1807 < b (180"

\_,.ﬁ“/\_. f_:__\_,
= (i < M%  anee WSNEM Ve
= el s M.

® Lét 220 . S\V\\Q 2\<“—3 g G.e , ;‘} ‘QAMWJS Q«wvg Egom) cM’VJ'
: 3 ClaxA $&+ A w;‘n« M(A) <& sucL\ /“AI\+
£ ol on [ DIVA.

s S \Ex(x') —f(x)\ dx = ka(x]—ﬁ(x)laix T+ YM(X)'Q(X)IAX
. oA A
— S A I
—2 0O ay ko a0 | < M(A)‘/Z“Ex'gnz

<s"2IM
33 %5

S(Lw%ﬂ

e

}(Iw: S\SL{X\“:(XB]AX IT: O A @\CIC)/\D’

KD et




Quesha 4

@) =T Sincg €20 wiemsmatles s W1 Blass i
T FlxaY=9-8x) s mble an R = f?”ﬁ'ﬂ‘..
= AT RN e T AV SOV W~ .
Y TN R, S T RN TR MR 73R

..(.?_11 gUPPOSe. P/WICQSUVAL(O_ P TQV\H= fQKx fR .
B cack xc®” Hhe shee J/x: gt_oe@: (x,a)éﬂ‘% = [o, Q(x)]

BERNE) J‘x s & M'L(LS‘A\Z‘&L‘QR (&_ X x')
T Tl ) o wide el x d R

——$ Q S %\"L‘PL&O«T‘D?"
ilA)= [ e = § 6 A
o P

(19) hn ]\SL\)' a'e ‘H'!e ?m\ @w&qwuc&ap Tme\)f aLLox_ we_ N&(A O«‘O
c)\m\;\\s% h o

C\a‘lwg‘- M(Jﬂ’ X M(%Xémﬂ‘- ?(K)ZA%)J:)

M As above we rcoom( rh«*l' Tom”{ ]mp’;‘eo —}LA- %/- a.e. tje?R
the slie 043 = gxem“f ("z‘ﬁkd(g'-“%xdﬁv‘: WX)Z:') zog
N a measwmte subsed of 'QV\ wilh m(%g) REVAL D - og S

M= mlda)dy =
R




&o&s Fm S

(a) Cavc\l«s—'&\/\w% = SW\ 3 ( g:m)l)v’lﬂ‘:—a Lz([o. VE L‘(fa,r]:

o

Qirch | ainplel Bt Lol s ol BN AT R
Bkl DG debded Sk b A (83
E‘.‘e' Giwn anvy £ e L' 3 seq IR T L with S8 L'.J
(AR AR RO IR B SN PN R (DD IRY:
LAY\ < AL, 181 < DAL, 19D,

FDm /\ s & ok heor ‘R)’\CL'MQ(M z(zo,{}B & L@a
(y RETE-1Y) 3 e L2(1D) s Nk

/\(?\2 S\ﬁg Y e LL(Zon_D A

o Clawn = N8l < NAN,
Pod 15 Nolle” WAN  Xu £:=3xefe 1860)>NAN S s +uc
2 X o
19‘ we LL)’ \/\‘—— Tg\ wlE) J'Hl\, “11” :) QKO(

l/\(\\\\__ Vm(E) g \6] > “/\“ j n
Sln@_\a»‘[‘o I[N

. 1:,;,.11:) £ ke L ga)) Y 2&:8 be 59 m Chih S

=0 AL = (803 Vu e e
thn%?/? L [er #e a7 08 WK
/\ (‘Qx S‘Q 5 " wi U\S ".)y.b \bMd




