Real Analysis Preliminary Examination

(supplemental)
August, 2013

1 Partl

1. State Fatou'’s lemma.

2. State Egoroff’s theorem.

2 Part 2

i
Do as many of the following six problems as you can. While fully explained
answers are requested, partial answers are also welcome.

1. Suppose that A C R is a Lebesgue measurable set such that for all rational
numbers 7,

A+r=A
Prove that either m (A) =0 or m (R\4) = 0.

Here m denotes Lebesgue measure, and A + r denotes the translate of A :
A+r={a+r:acA}.
2. Suppose that (X, B, u) be a measure space such that 41 (X) =1, and that

{Bi};’\/:l is a sequence of sets in B such that for each i, p (B;) > §. Show
that there is a set C € B of positive measure such that for all z € C,

1 1
| F;XB‘ (z) > 7

3; Suppose that A C R is a Lebesgue measurable set, and f : A — R is a
measurable function. Suppose further that for all compact sets X C A4 we

have
/ fdm =0.
K

(Here m denotes Lebesgue measure). Does it follow that f (z) =0 a.e.?



4. .
(a) Give an example of a sequence of functions {f,}oe, on [0, 1] which
are Lebesgue integrable, such that f,, (z) — 0 a.e., but not in L.
(b) Give an example of a sequence of functions {fn}., on [0, 1] which
are Lebesgue integrable, such that f, (z) — 0 in L*, but not a.e. .
5.

(a) Suppose that F: [0,1] — R is a strictly increésing function. Does
this imply that F' >0 a.e.? .

{(b) Suppose that F :'[‘O, 1] —R is & function such that F' (z) > 0 a.e.
Does this imply that F is strictly increasing? »

6. Suppose that 7 : |0,1] — R is an absolutely continuous function. Prove,
directly from the definitions, that f is of bounded variation.



Complex Analysis Preliminary
Examination

August, 2013

1 Theorems and Definitions

In the following questions you are asked to give precise definitions or precise
statements of theorems. Explain every symbol you use in the context of
your statement or definition.

1. Define the winding number of a path v about a point z € C.

2. Define the multiplicity of an analytic function f at a point zg in the domain
of f.

. State the Theorem of Casorati- Weierstrass.

NN

. State Cauchy’s Integral Formula.

(a1

. State the Open Mapping Theorem.

2 Problems

Solve at least four of the following problems. Explain your reasoning and
show all work.

1. For each of the following functions, find and classify all isolated singu-
larities. In the case of a pole, give the order of the pole and find the

residue:
) () = 572
o) ()= .
(@ 1) =725

2. Bvaluate the following integrals:

" Log{z +¢€) }
(a) /lz}=1 — 4=

22

(b) ' <s‘mz>100 iz
jz|=4 z ~

(¢) By = f+ [47,0)], where B(t) = te' for 0 < t < 4n, evaluate the
22 +1

integral / —————dz.
5 (24 1)(244)




. buppose [ and g are both analytic in a domain D whose closure is compact
in €, and suppose both functiorns extend contimuously to the boundary.
Show that |f(z)] + |g(z)| takes its maximum on the boundary. Hint:
Consider f(z)e'® + g{(z)e* for appropriate o and B.

. Let f be an analytic function in & domain D, and suppose that there exists
a pomt zg € D such that |f(z)] > [f(z)| > 0 for all z € D. Show that f
must be constant in D.

. Suppose that D; and Ds are simply connected domains in the complex
plane whose intersection is nor-empty and connected. Prove that Dy N Dy
and D7 U Dy are simply connected.

. Suppose that f is an even analytic function in a disk B(0,r), centered at
0, and of radius 7. Show that the function g : B(0,7) — C, defined by
9(z) = f(+/z) is a well-defined analytic function. Express ¢(™(0) (the nth
derivative of ¢ at 0) in terms of the derivatives of f.



Real Analysis Preliminary Examination

June, 2013

1 Partl

1. State the Lebesgue dominated convergence theorem.

2. State the Radon-Nikodym theorem.

2 Part 2

Do as many of the following six problems as you can. Partial answers are
welcome.

1. Suppose that (X,B, 1) is a measure space and {An}.; is a sequence of
sets in B such that

> p(4n) < oo,

n=1

(704 -0

n=1k=n

Prove that

2. (a) Give an example of a compact set K C [0,1] which has positive
Lebesgue measure, but which contains no non-empty open interval.

(b) Prove that there exists a set A C [0,1] such that for all intervals
I C [0,1} of positive measure, we have

O<m(AnI)<m(Iy.
(Here m denotes Lebesgue measure). -

3. Suppose that p is a finite Borel measure on R such that for some num-
ber t > 0 and all Borel sets A, p(A+1t) = p(4). (Here A+t denotes
{z+t:z€A}).

Prove that p (R) =0.

4. Suppose that (X, B, x) is a measure space and that f is a non-negative
integrable function on X.

(a) Prove that, for each a > 0, p{z € X : f(z) > a} < co.

(b) Prove that {z € X : f (z) > 0} is a countable union of sets of finite
measure.



5. Suppose that (X, B, 4) is a measure space such that u(X) < oo, and let
{fn}oey be a bounded sequence of measurable functions on X. (That is,
for some M > 0, and for all n € N and = € X, |/, (z)] < M). Suppose
that f, — 0 in measure.

Prove that [ |fn|dp — 0.
6. Suppose that g : [0,1) — R is an absolutely continuous function. Let

E C [0,1] be a set of Lebesgue measure zero. Prove that g (E) is also a
set of Lebesgue measure zero. (Here g (E) denotes {g(z):z € E}).




Complex Analysis Preliminary
Examination

June, 200137 OV %

1 Theorems and Definitions

In the following questions you are asked to give precise definitions or precise
statements of theorems. Explain every symbol you use in the context of
your statement or definition.

1. Define what it means for a function f: U — V C C to be analytic in the
open set U C C.

State the Cauchy Integral Formula for an analytic function f in a disk A.
. State the Residue Theorem.

. Define what an essential singularity is.

. Define what it means for a sequence of functions {f,, : U — C} to converge
locally uniformly to a function f: U — C.

2 Problems

Solve at least four of the following problems. Explain your reasoning and
show all work.

1. For each of the following functions, classify the singularity and find the
residue at the given point:

(8) f(z) =227 zp=0.
(b) f(Z) = (zi“"zl)z, zZo = 1.
- __sin(z%) -
(c) flz)= (1—3:;{(;)’)?, 20 = 0.
2. Evaluate the following integrals:

(&) Jijoimay wheyr 2
(b) Let y(t) = 2cos(t) +isin(t) for 0 <t < 27. Evaluate f7 ;ﬁrl—zi—zdz.

(c) Suppose that v is a piecewise smooth closed path in C. Verify that
n(¥,%) = —n(vy, z), where n denotes the winding number, and — is
the complex conjugate, in particular, %y is parameterized via F(t) =

¥(2)-




. Let f be an entire function such that the function g(z) = +/f(z) is also
an entire function. Prove that f must be constant.

. Let {f} and {gn} be sequences of functions that converge uniformly on a
set A. Under the assumption that {f,} and {g,} are uniformly bounded
(i.e. there exists a constant M such that |fn(2)| < M and |g,(z)] < M
for all z € A and all n € N), prove that the sequence {f.gn} converges
uniformly on A.

. Let D C C be a domain and let f,g: D — C be analytic. Let 25 € D and
suppose that f(zo) = g(z0) = 0. Suppose furthermore that

lim f'(z)

M8 < ©

exists. Show that

o
25 9(2)

exists as well and calculate this limit.
. Let f be a non-constant entire function. Prove that f(C) is dense in C.

. Let f have a pole of order m at a point zp, and let g have a pole of order
7 at the same point. Show that f + ¢ has either a removable singularity
at zg or a pole of order not greater than max{m,n} at z.




COMPLEX ANALYSIS PRELIM, 2012

1 Basic facts:

Please give brief but informative responses here, not overly long reproductions
of a textbook’s presentation.
(2 points each)

1.

Give three equivalent characterizations of apalyticity of a complex-valued
function f in a domain D C C. That is, complete the sentence: "f is
analytic in D if and only if..." in three ways.

. State a version of a theorem that expresses the m® derivative of an ana-

lytic function as an integral.

State what is meant by the following terms:

(a) a pole of an analytic function.
(b) the order of a pole of an analytic function

(¢) an essential singularity of an analytic function

State the Casorati-Weierstrass theorem about the behavior of an analytic
function in the vicinity of an essential singularity.

State the Residue Theorem.

State the Argument Principle.



2 Problems:

Please do as many of the following problems as you can. (We recognize that
time constraints make it unreasonable to expect you to do all of them!) Partial
answers will be awarded partial credit.

(12 points each)

1.
(a) Prove that if A and B are the radii of convergence of Y p-  arz* and
> meo brz®, respectively, then the radius of convergence of 5 pe , axby 2"
is at least AB.
b) Given an example of two series for which the above inequality is
p q
strict.
2. .

(&) Find all possible values of the integral

/—;“dz
424+ 1

where 7y is a closed, smooth curve in C\ {7, —¢}.

(b) Answer the above question under the assumption that +y is a positively
oriented circle in C\ {#,—i}, and describe which circles give which of
the possible values.

3. Let D be a domain in C with 0 € D, and let f and g be analytic functions
in D. Suppose that f and g both have zeros of order 7 at z = 0. Prove
that the limits lim,_,g ]gr,—gz)l and lim,_,g % both exist and are equal.

4. Suppose that f is an entire function and that there is some M > 0 and
some integer n, so that for all z € C,

|f (2)] < M 2"
Prove that f is a polynomial of degree less than or equal to n.

5. Suppose that D is a bounded domain in C and {f,}.-, is a sequence of
analytic functions in D, each of which extends to a continuous function on
the closure of D. Suppose further that the sequence {f,} converges uni-
formly on the boundary of D. Prove that the sequence converges uniformly
on D.



REAL ANALYSIS PRELIM 2012

1. Let X be a nonempty set, and let A be a collection of subsets of X.
a. Define what it means for A to be a o-algebra.

b. Using your definition, prove that if A and B are sets belonging to .4, then
the set AN B also belongs to A.

c¢. Give an example of a nonempty set X, a ring R on X, and a sequence
Ay, Ay, -+ of subsets of X, each belonging to R, such that the subset

[ Ax
n=1

does not belong to k.

d. If X contains exactly four points, determine the possible cardinalities for
o-algebras on X, and for each cardinality, the number of different o-algebras
having that cardinality.

2. Let X =[0,1], let A be the g-algebra of Borel subsets of X, and denote
by A Lebesgue measure on (X, .A4).

a. Calculate the measure X of each of the following sets. (You do not need
to show that the sets are measurable, but you should give brief reasons for
your answers, not simply numbers.)

i) {z € X :sin2 <0}

i) {z e X :z =022y ,n0 digit z; = 7}

iil) {z € X : z = 0.zy29 -+ -, for some ¢ > 0,z; =5 and z;4; = 6}

b. State without proof the dominated convergence theorem for the measure
space (X, A, \).

¢. Define the function f on X as follows: if z 5 0, determine a positive
integer n = n(z) for which the distance d(z) from z to the point 1/n is
minimal, and then set f(z) equal to d(z) if n is odd; otherwise set f(z) equal
to zero. Explain why f is integrable (you may use theorems you recall from
the course) and calculate

[ fax

Please turn the page for problems 3 and 4.



3. Let V be a real vector space.
a. Give the definition of & norm on V.

b. Recall that a norm on V can be used to define a metric on V; give the
corresponding formula for this metric, and prove that it is a metric, using
yvour definition in the previous question.

¢. Say what it means for V, under this norm, to be a Banach space.
d. Give an example of a normed vector space which is not a Banach space.

e. State without proof the Uniform Boundedness Theorem, also known as
the Banach-Steinhaus theorem, taking care to state the correct hypotheses
on the vector spaces and mappings occurring in the theorem.

f. If X and Y are real Banach spaces, and f T : X — Y is a continuous
one-to-one linear mapping from X onto Y, prove the the inverse T is a
linear mapping. Is in this situation this inverse mapping continuous? Please
give a reason for your answer.

4. Which theorem or theorems of this course seem to be the most interesting
ones, and why?

GOOD LUCK!




Complex Analysis Prelim, Summer 2011

1. The real and imaginary parts of the square roots of 2 — 44 can be given
by simple algebraic expressions involving only square roots, sums, and dif-
ferences of regl numbers. Give these two expressions for each of the square
ToO0ts,

2. Represent ;—E—i—l by partial fractions.

3. If fis holomorphic on the open unit disk, then show that g is also, where
9(z) = f(Z).

4. Prove that if A and B are the respective radii of conx}ergence of the power
series 3 anz™ and 3 b,2", then the radius of convergence of 3" a,b,z" is at

least AB.

5. Give the definition of [, f(z)dz, if vy is a differentiable curve in the complex
plane and f is a continnous function defined on the trace of .

6. State Cauchy’'s theorem for triangles.

7. Using the simplest form of Cauchy’s estimates, prove that a bounded
entire function is constant.

8. How many roots of z* — 62+ 3 = 0 have absolute values between 1 and 2?
9. A form of the lemma of Schwarz states that if f is holomorphic on the open
unit disk, and if f(0) =0 and |f(z)| < 1 whenever |z| < 1, then |f(2)] < |2|

whenever ]z[ < 1. Give a proof using the maximum principle.

10. Evaluate f5° ;T“;f“z—% using the residue theorem.

Complete as many exercises as possible in the allotted time. Good luck!




Real Analysis Prelim, Summer, 2011

Solve as many of the following eight problems as you can. Partial answers
are welcome. (Note: the rather large number of questions is intended to give
you more ¢hoices, not to induce despair!)

Throughout this part of the exam, Lebesgue measure is understood whenever
the symbol "m" is used.

1. Prove or give a counterexample to the following assertion: If { Fatooy is
a sequence of continuous functions on [0,1] with 0 < f, (z) < 1 for all n
and z, and if limy,, e f[o 1 fdm =0, then f, (z) — 0 almost everywhere.

2. Let f : R — R be a Lebesgue measurable function. Does either of the
following two conditions on f imply the other?

Condition ¢ : For almost every z € R, f is continuous at z.

Condition # : There is a continuous function g : R — R such that f (z) =
¢ (z) almost everywhere.

Give proofs or counterexamples, as appropriate.

(The term "almost everywhere" refers to Lebesgue measure here.)

(a) Suppose A C R. Define the Lebesgue outer measure m, (4) of A.
(b) Prove that for all seqeunces {4;};o, of subsets of R,

=1

i=1

4. Suppose that p is a finite Borel measure on RY. For each ¢ > 0 let
S;={zeR?:|g=t}. Let A = {teR:p(S:) > 0}. Prove that A is
(at most) countable.



Real Analysis section of thé Analysis Qualifier

Wesleyan University
July 14, 2010

1 Partl

Give precise statements of the following.

1. The monotone convergence theorem.
2. The Radon-Nikodym theorem

3. The spectral theorem for compact symmetric operators on a Hilbert space.

2 Part 11

Do as many of these six problems as you can. Partial answers are welcome.

1. Suppose that (X, B, 1) is a measure space and that {4,}o. ; is a sequence
of measurable sets in (X, B, i) .

(a) Prove that, if Y oo, u(An) < oo then the set of z which are elements
of infinitely many of the sets A,, has measure zero.

(b) Give an example of a measure space {X,B,u) and a sequence of
measurable sets {A,}.”; in (X, B, p) such that Y oo p(As) = oo
but still the set of = which are elements of infinitely many of the sets
A, has measure zero.

2. Suppose that p is a Borel measure on R with the properties:
i. For every bounded interval I, u(I) < co and
i, For every rational number r and every bounded interval I, p{I) =
p{I+ 7). (The notation I 4+ r means {z +r |z € I}).

{a) Prove that for every z € R, p{{z}) =0

(b) Prove that for every bounded interval I and every real number a,
pI)=p+a)

(a) Give an example of a closed subset A of R? with positive Lebesgue
measure and which contains no non-empty open set.

(b) Suppose that A is a set of the sort described in part a, and that
f i R* - R is a function such that f(z) = x4 (z) a.e. Prove that
there is a set of positive measure B such that for all z € B, f is
discontinuous at .



(a) Suppose that f: R — R is a Lebesgue integrable function. For each
t € R let f; denote the translate of f by t. That is, f; (z) = f (z —t).
Prove that

}i_lg(l)/klf—ft]dm=0

(Here m denotes Lebesgue measure).

(b) Suppose that A C R is a set of finite Lebesgue measure. What
does the above result say about the sets A + 17 (As before, A+t =
{z+t|ze A}.)

5. Let (X, B, 1) be a measure space.

(a) Show that if y1 (X) < oo, then L* (X, B,u) C L? (X, B, p) .
(b) Give an example of a measure space (X, B, ) and a function f such
that f € L* (X, B, 1) but f ¢ L* (X, B, ).

6. Let H = L% ([0,1],m), where m denotes Lebesgue measure. We know that
H is a Hilbert space, with respect to the inner product (f,g) = [ fgdm.

(a) Let E be a Lebesgue measurable subset of [0,1]. Verify that Hg =
{f € H| f= fxg} is a closed subspace of H.

(b) Identify the orthogonal complement of Hg in H.

(c) Let P: H — H be the linear map given by P (f) = fxg. Calculate
the norm of P.



1

Complex Analysis Preliminary
Examination

July 14, 2010

Theorems and Definitions

Answer at least four of the following questions. You are asked to give precise
definitions or precise statements of theorems. Explain every symbol you
use in the context of your statement or definition.

1.

2

Let U C C be an open set, and let {f, : U — C} be a sequence of
functions. Define what it means for the sequence {f,} to converge locally
uniformly in U. :

. Let f be analytic and non-constant in some disk B(zgp,) C C. Define the

maultiplicity of f at z.

. State the Theorem of Casorati- Weierstrass.

. Define the winding number of a piecewise smooth closed path v in C

around a point zg.

. State Morera’s Theorem.

. Let D be a domain in the complex plane with 0 ¢ D. Define a branch of

the logarithm function in D.

Problems

Solve at least four of the following problems. Explain your reasoning and
show all work. .

1.

2.

Calculate:

iz
lim sy dz )
r—+00 z
-

where for each r the path -, is defined by 7-(t) = re*, ¢ € [0, 7].
This question has two parts.

(a) Suppose that f has a simple pole at z = ¢ and let g be analytic in
an open set containing a. Show that Res(a, f - g) = g(a)Res(a, f).




(b) Use part (a) to show that if D is a domain and f is analytic in D
except for simple poles at a1, ...,a,; and if g is analytic in D then

n

or: [ F@)a(2)z =3 nier ax)g(on) Res(ar, )
j

k=1

for any piecewise smooth closed path -y not passing through a ..., a,
and such that vy ~ 0 in D. '

/ dz
y 1422’

where -y is any closed piecewise smooth path in C not passing through +i.

. Find all possible values of

. Let D be a domain in C, and let f : D — C be analytic and injective.
Show that f’(z) #0for all z € D.

. Let R>0and D= {z:|2| > R}. An analytic function f: D — C has a
removable singularity, a pole, or an essential singularity at infinity if the
function g(w) = f (%) has, respectively, a removable singularity, a pole, or
an essential singularity at w = 0. If f has a pole at co then the order of

" the pole is the order of the pole of g at w = 0.

(a) Prove that an entire function has a removable singularity at infinity
if and only if it is constant.

(b) Prove that an entire function has a pole at infinity of order m if and
only if it is a polynomial of degree m.

. Suppose that a function f is analytic in the unit disk B(0, 1), that f(0) =
f'(0) =0, and that |f/(2)| < 1 for every z € B(0,1). Prove that |f(2)] <
|z|%/2 for every z € B(0,1). For which functions f can equality hold in
this estimate at some z # 07




Name:

COMPLEX ANALYSIS SECTION OF THE ANALYSIS
QUALIFIER

 WESLEYAN UNIVERSITY
June 11 2009

INSTRUCTIONS

1. This exam consists of three sections. Answer all of the
questions (short answer/definition) in the first section and
the second section. Choose one question to answer from
the third section.

9. Clearly indicate the work you wish to be graded. Show
all work. Good luck on the exam.



1. DEFINITION/ SHORT ANSWER

INSTRUCTIONS: Answer all of the following questions.
Be as complete as possible, and show all relevant work.

(1) Assume U C C is open. Define what it means for
f: U — C to be analytic.

(2) Let U be a set in the complex plane, and let
a;: [0,1] = U, i=1,2

be a pair of closed paths in U. Define what it means
for o to be freely homotopic to .

(3) State Liouville’s Theorem.

(4) True or False: Satisfying the Cauchy-Riemann equa-
tions in a domain D is sufficient to observe that a
function f is analytic on D.

(5) Let U C C be an open set in the domain of some
complex-valued function f. Define what it means for
F to be a primitive of f.

(6) Let U be an open set in C, and let ¢ be a cycle in U.

Define what it means for o to be homologous to zero
in U.




———————

(7) Let D C C be the bounded region inside
{z € C:|Re(z)| + [Im(2)] = 1},

where z =z 4 1y.

Orient 0D positively. Calculate

/ CoS 2 i
op 2(Z2 +8)
Show all work.




2. SEcTION II

INSTRUCTIONS: Answer both of the following ques-
tions. Be as complete as possible, e.g. fully quote state-
ments that you are using, and show all relevant work.

(1) Let f be an entire function that satisfies the estimate
|f(z)| <me*?, where m and « are positive constants
and z =z + 1y.

Show f(z) = Ae®* for some complex constant A.

(2) Let D be a domain in C. If every function f which is
analytic in D possesses a primitive in D, show that D
is simply connected. (Recall that a domain is simply
connected if every cycle in the domain is homologous
to zero.)



3. SECTION III

INSTRUCTIONS: Answer one of the following ques-
tions. Be as complete as possible, and show all relevant
work. Clearly indicate the problem which is to be graded.

(1) Let f(z) be analytic in the disk A = A(zg,7) (r > 0),
and assume that there exists a m > 0 so that
f(2) = f(z)| <m
for all z € A.

Prove: The derivative f’ satisfies the inequality

m

|f'(20)] < —
on A.

(2) Let w: D — R, where D is a domain. The func‘mon
ue C*D)is harmonic it
Ugg + Uyy = 0.

A function v : D — R is a harmonic conjugate to u
if the function f = u + v is analytic in D.

Prove: If D is simply connected then u possesses a
harmonic conjugate. (Hint: consider the function

g = Ug — TUy.)



Real Analysis Prelim, Summer 2009

1. Give a definition of each of the following:
Dynkin system (in §2) .
outer measure (in )
set which is p*-measurable (if 4* is an outer measure in Q)
integrable function (on the measure space (2, A, 1)
absolute continuity of 1 with respect to v

normed vector space
2. State the following theorems:

Uniqueness Theorem (concerning premeasures on rings)
Dominated Convergence Theorem (due to H. Lebesgue)
Hahn-Banach Theorem

Uniform Boundedness Theorem (aka Banach-Steinhaus Theorem)

3. Provide solutions to the following:

a. If (2, A, p) is a measure space with p(Q) < oo and if Ay, Ay, € A,
prove that lim sup p(A,) < p(limsup A,).

b. It is always true that a content on a ring is subadditive. Assuming this
without proof, show that a premeasure is always o-subadditive.

c. Prove that if f : X — Y is a bijective (i.e. one-to-one and onto) linear
mapping from the vector space X to the vector space Y, then the inverse
f~! of f is also linear. Using a course theorem, if furthermore the spaces are
normed and f is continuous, when can one say that the inverse is continuous?
Explain why.

d. In the Banach space of continuous real-valued functions on [—1,2] pro-
vided with their uniform norms, determine the uniform closure of the set of
functions

N
{f(z) =" azz®™*": N >0, a, real for 0 <n < N}.

n=0



Complex Analysis Preliminary
Examination

July 8, 2008

1 Theorems and Definitions

In the following questions you are asked to give precise definitions or precise
statements of theorems. Explain every symbol you use in the context of
your statement.

1. Let f : U — C be a function that is analytlc at a point 2o € U. Define
the multiplicity of f at 2.

2. Let {f.} be a sequence of complex-valued functions defined on an open
set U C C, and let f : U — C. Define what it means for {f,} to converge
normally (or locally uniformly) to f.

3. State Liouville’s Theorem.

4. State the Cauchy Integral Formula in an open disk.

2 Problems

Solve at least four of the following problems. Explain your reasoning and
show all work.

1
1. Find the Laurent series for f(z) = ———, centered at i. Where does
(224+1)2
this series converge?

2. Calculate the following integrals:

(2) )
/ (z+—1-> dz
|z—i}=10 Z
sin 2\ '%°
[ (5) e
|z]=4 Z

3. Let f be an analytic function in a domain D, and suppose that there exists
a point zg € D such that |f(2)| > |f(z0)| > 0 for all z € D. Show that f
must be constant in D.




4. Let D C C be a domain and let f,g: D — C be analytic. Letiz € D and
suppose that f(zo) = g(20) = 0. Suppose furthermore that

. C)
zlglzlo 7(2) eC

exists. Show that
f(z)

2 9

exists as well and calculate this limit.

5. Let U C C be open, and let f,g : U — C be analytic except for isolated
singularities. Let 2o € U.

(a) Ts the residue of f+ g at 2 equal to the residue of f plus the residue
of g7

(b) Is the residue of fg at zp equal to the product of the residues of f .
and g7 ,
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Real Analysis Preliminary Examination

July 8, 2008

Theorems and Definitions

Give precise statements of the following.

1.
2.
3.

The definition of the Borel sets in the real line.
The definition of Lebesgue outer measure on the real line.

The Lebesgue monotone convergence theorem (in an abstract measure
space).

The Holder inequality (which concerns functions in certain LP spaces).

The Radon-Nikodym theorem.

- Problems

. Let (X,B, ) be a measure space and f : X — R an integrable func-

tion, Prove that {z € X [ f (z) # 0} is a countable union of sets of finite
measure.

(a) Give an example of a sequence of real valued Lebesgue measurable
functions on [0,1] that converges to 0 almost everywhere (with re-
spect to Lebesgue measure), but does not converge in .

(b) Give an example of a sequence of real valued Lebesgue integrable
functions on [0, 1] that converges to 0 in L' (with respect to Lebesgue
measure), but not.almost everywhere.

. Suppose that A C R is a Lebesgue measurable set with the property that

for every rational number 7,
A+r=4A

(The notation means: A+r = {a+r | a € A}). Prove that either A (4) =
0 or A (R\A) =0, where X denotes Lebesgue measure.

. Suppdse that (X, B, p) is a measure space with p(X) < co. Show that a

sequence { fr }o. ; of measurable functions on X converges to 0 in measure
if and only if
lim f1

———du=20.
noco e T+IA]

. Suppose that (V]| ||) is a real normed vector space in which every ab-

solutely convergent series converges. Prove that (V, || ||) is complete with
respect to its norm.




